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Abstract

The integral representation of the cumulative distribution function is a core tool in probability theory and statistics. By
integrating probability densities, it enables precise quantification of random phenomena. It spans the foundations of
calculus, from Newton and Leibniz to Cauchy's rigorous limit formulation, and to its extension to fractional integrals,
demonstrating the evolution and depth of probability theory. This framework, through interval probabilities, expected value
calculations, and fractional derivatives, unifies the description of continuous and discrete random variables, supporting
improved precision in parameter estimation and hypothesis testing in statistical inference. It has driven quantitative
breakthroughs in option pricing and risk management in the financial sector, and, through memory modeling, captures the
turbulence of network dynamics in complex systems, long-range correlations in climate change and biological systems,
revealing the dynamic behavior of history dependence. Its universality and rigor make it a bridge for interdisciplinary
applications, deepening the theoretical and practical value of probability theory in statistics, finance, and complex systems
analysis.
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1. Overview of the Integral Representation of the Cumulative Distribution Function of a Random
Variable

1.1 The Historical Evolution of Calculus in Probability Theory

Calculus, as a mathematical tool for describing continuous changes, has been used in probability theory since the 17th-
century Scientific Revolution and is closely related to the development of the calculus system by Newton and Leibniz.
Initially, probability theory focused primarily on discrete events, such as the analysis of gambling problems established by
Pascal and Fermat through correspondence in 1654. However, the introduction of calculus opened the door to the treatment
of continuous random phenomena. In his 1713 treatise, The Art of Speculation, Jacob Bernoulli first attempted to use
integrals to approximate the continuous limit of the binomial distribution, proposing the prototype of the law of large
numbers. This marked the expansion of calculus from geometry and mechanics to the field of probability. From the late
18th century to the early 19th century, Laplace defined the density function of the normal distribution through integration
in his 1812 Analytical Probability Theory, and used the central limit theorem to approximate the sum of discrete random
variables to a continuous distribution, thus constructing a continuous framework for probability theory. At the same time,
Gauss developed the least squares method in error theory, and promoted the mathematization of statistical methods by
processing continuous error distributions through integration. In the early 20th century, Kolmogorov introduced measure
theory in his 1933 Foundations of Probability Theory, strictly reducing the probability space to an integral form and
establishing the modern definition of the cumulative distribution function. This evolution elevated calculus from an
auxiliary tool to the core language of probability theory, laying the foundation for the modeling of random processes. 23]

Incorporation of calculus not only resolved the logical uncertainty, but also fostered cross-disciplinary uses. In the latter
part of the 19th century, the mathematical characterization of Brownian motion depended on calculus tools. In its 1905
paper, Einstein studied the random particle motion via integral paths, and Wiener's 1923 introduction of the Wiener process
further extended integral theory as the continuous modeling of random processes. These developments paved the way for
stochastic differential equations of the 20th century and had immense impact on finance, physics, and engineering. The
unification of the systematic development of calculus and probability theory also transformed probability analysis from
descriptive empirical data to an accurate mathematical system, with a firm basis for the construction of modern statistics.

1.2 Integral Definition and Basic Properties of the Cumulative Distribution Function
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The cumulative distribution function (CDF) is a core concept in probability theory, used to quantify the cumulative
probability of a random variable. Its definition, through integral form, allows for the precise expression of continuous
probability. For continuous random variables, the CDF is expressed as the integral of the probability density function from
negative infinity to a certain point, reflecting the cumulative nature of probability. This definition was rigorously zed by
Kolmogorov in the framework of measure theory in 1933 and systematically expounded by Cramér in his 1946 book, A
Mathematical Method of Random Variables. The cumulative distribution function has the properties of being
monotonically non-decreasing, right continuous, and having boundaries approaching 0 and 1. These properties are proven
by the limiting behavior of the integral, ensuring the normalization of the probability distribution. In addition, the
differentiability of the cumulative distribution function at continuous points reflects its inverse relationship with the
probability density function, which is supported by the fundamental theorem of calculus and provides a theoretical basis
for probability calculations. [I)
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The above formula defines the cumulative distribution function, where f'(¢) is the probability density function, and the

integral represents the sum of the probabilities that a random variable is less than or equal to X . This not only facilitates
the calculation of the expected value and variance but also marginalization of joint distributions. Gnedenko further
extended extreme value distribution cumulative distribution function limiting distribution convergence in the paper on
"Theory of Limiting Distributions" of 1943 and demonstrated its application to statistical inference. In practical
calculations, for example, Monte Carlo simulation, numerical methods approximate the cumulative distribution function
and hence overcome the problem of probabilistic calculation for complex distributions and provide efficient tools of
statistical modeling.

1.3 Unified Representation of Continuous and Discrete Random Variables

The cumulative distribution function achieves a unified representation of continuous and discrete random variables through
an integral framework, providing a universal tool for probabilistic modeling. The cumulative distribution function of a
discrete random variable is expressed as a finite sum of probability masses. Using the integral form of the Dirac delta
function, it can be rewritten as an integral representation consistent with continuous distributions. This idea originated
from Lebesgue's integral theory in 1904 and was systematically applied to the generalization of distribution functions in
Feller's 1950 Probability Theory and Its Applications. Stieltjes integral further expanded this framework, using a unified
integral form to include the density integral of continuous distributions and the probability sum of discrete distributions,
thus avoiding the complex distinction between model types. This unified representation is particularly important in the
calculation of expected values, is applicable to any distribution type, and simplifies the mathematical processing of
statistical analysis. [¢I7]
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This formula represents the self-integral form of the cumulative distribution function, where dF(f) serves as the

distribution measure, unifying the representation of continuous and discrete probabilities. Billingsley proved the key role
of this representation in weak convergence theorems in his 1979 book "Probability and Measure," facilitating the analysis
of the limiting behavior of random sequences.

2. Mathematical Essence and Theoretical Framework of Integral Representation

2.1 Definite Integral as a Limiting Form of Cumulative Probability

In probability theory, the definite integral is considered a limiting form of cumulative probability. This concept originates
from the process of subdividing an interval into an infinite number of subintervals and summing them, thereby generalizing
the summation of discrete probabilities to the continuous case. For a continuous random variable, its cumulative
distribution function is represented by a definite integral representing the sum of the probability density function from
negative infinity to a specific point. This form is essentially a limit of the Riemann sum, ensuring the continuity and
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accuracy of probability calculations. This idea was elaborated in the works of Evans and Rosenthal, who emphasized how
the limit definition of the definite integral bridges discrete and continuous probability models, providing a unified
framework for dealing with uncertainty. Durrett further expanded this concept and discussed how to analyze the
distribution convergence of random variable sequences through limit forms in weak convergence theorems, making the
definite integral a core tool in limit distribution theory. This limit perspective not only solves the problem of approximation
of continuous distributions in early probability theory, but also provides a theoretical basis for numerical simulations such
as the Monte Carlo method, which estimates complex probability events by approximating integrals through finite
summations (1],

The advantage of this limit form is its precise quantification of probability accumulation, especially when dealing with
non-standard distributions. Knill's textbook discusses how the definite integral can describe the evolution of the distribution
function of a random process through a limit process, such as treating the path integral in Brownian motion as the
cumulative probability after infinite subdivision. This method promotes the accuracy of parameter estimation in statistical
applications, such as in the Glivenko-Cantelli theorem of the empirical distribution function, the sample cumulative
distribution converges to the integral form of the true distribution through a limit.

2.2 The Inverse Relationship between Derivatives and Density Functions

Derivatives and density functions possess an inverse connection, which lies at the foundation of probability theory: the
derivative of the cumulative distribution function is the probability density function, and the integral of the density function
retrieves the cumulative distribution function. The linkage assures the consistency of the probabilistic definition of
continuous random variables and, with the aid of the Fundamental Theorem of Calculus, lies at the heart of statistical
inference. Walck's handbook systematically integrates this inverse property of various statistical distributions,
underscoring its computational application for reverse distribution function calculations, for example, obtaining the density
from the cumulative distribution function with the aid of a derivative for likelihood estimation. Knill also describes the
extension of this linkage for random processes, for e.g., the exploration of the probability density of state transition on an
instantaneous basis for Markov chains with the aid of derivatives. The inverse property not only simplifies the derivation
of expected values and variance calculations but also unleashes mathematical tools for variable transformation of random
variables with the preservation of probability mass on variable transformation. (101111

2.3 Extension of fractional integrals in probability models

Fractional integrals extend traditional integrals to non-integer orders, introduce memory and long-range correlation to
probability models, and break through the limitations of the classical Markov assumption. This extension defines fractional
integrals in the form of convolution, allowing probability processes to capture historical dependence effects and perform
well in complex system modeling. The monograph by Baleanu et al. describes in detail the numerical methods of fractional-
order integrals in random processes, such as simulating the probability distribution of abnormal diffusion through
fractional-order Brownian motion. The work of Meerschaert and Sikorskii further explores the application of fractional-
order integrals in stochastic differential equations, demonstrating how it can quantify the cumulative probability of long-
memory processes and improve the accuracy of time series prediction. Santos's paper proposes a fractional probability
theory of arbitrary order, using the Riemann-Liouville integral generalization classical probability axiom to deal with non-
local random phenomena (121131141,

3. Extensions and Case Studies in Statistical Applications
3.1 Applications in Probability Computation and Statistical Inference

Integral representation of the cumulative distribution function plays central role in probability estimation. Through
probability density integration, it accurately approximates the probability of an event. This method has specific relevance
for approximating the probability of continuous random variables. For example, if the probability of the variable between
two values of concern is estimated, the solution will immediately emerge from integration of variation, simplifying discrete
summation. In statistical inference, representation has theoretical support for parameter estimation and hypothesis testing.
For example, maximum likelihood estimation has its integral version optimize parameters for approximating observed data
and making models more precise. In confidence interval construction, the integral form determines critical values by
inverting the cumulative distribution and quantifies the uncertainty range. In nonparametric statistics, such as the
Kolmogorov-Smirnov test (Figure 1), the integral form compares the deviation of the empirical distribution from the
theoretical distribution to assess the significance of the fit. In medical statistics, survival analysis uses the integral form to
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construct the Kaplan-Meier estimator, which handles the cumulative survival probability of censored data and improves
predictive reliability. This approach also supports Bayesian inference, calculating the cumulative probability of the
posterior distribution through numerical integration, simplifying the marginalization of complex models. In Monte Carlo
Markov chain simulations, the integral form guides sampling design and ensures convergence to the target distribution.

Pasx<b)=[ [ 3)

The formula represents the probability of a random variable lying within the interval [a, b], computed via the definite
integral of the probability density function.

1

sensitivity

0 1 - specificity 1
Figure 1 Receiver Operating Characteristic Curve and Kolmogorov-Smirnov Statistic

Figure 1 shows a receiver operating characteristic (ROC) curve, annotating the Kolmogorov-Smirnov (KS) statistic,
quantifying the relationship between sensitivity and 1-specificity, and highlighting the application of the cumulative
distribution function in statistical inference.

3.2 Integral Modeling of Stochastic Processes in Finance

The integral representation of the cumulative distribution function provides a core tool for modeling stochastic processes
in finance. By integrating probability densities, it quantifies the cumulative probability of asset price dynamics. This
approach is particularly important in option pricing. For example, the Black-Scholes model uses cumulative distribution
to calculate option values, ensuring the accuracy of analytical solutions. In stochastic volatility models such as the Heston
model, the integral form accumulates the probability density of the volatility path, enhancing the capture of market
volatility. In risk management, the integral representation supports value-at-risk calculations, assessing extreme loss
probabilities through the integral of the tail distribution, and optimizing portfolio allocation. This approach describes the
dynamic behavior of derivatives through cumulative probabilities, ensuring no-arbitrage conditions. In interest rate models,
the integral form accumulates the probability distribution of the expected discount factor, supporting accurate bond pricing.
In high-frequency trading, real-time integration of order flow probability distributions optimizes trading strategy execution
and reduces market impact costs.
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The formula represents the expected value of an asset price at time T under geometric Brownian motion, where represents
the initial price, drift rate, volatility, and time.

3.3 Memory-Based Probabilistic Description in Complex Systems

Fractional integration extends the expression of cumulative distribution function by introducing memory characteristics,
thus capturing the historical-dependent probability dynamics in complex systems. The traditional model assumes that the
increment is independent, so it is difficult to describe the long-range correlation. But fractional integration quantifies the
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influence of past states by accumulating historical probability density. For example, in network dynamics, fractional
integration can accumulate the interaction probability between nodes and simulate the continuous influence of information
dissemination. In climate modeling, integrating the probability density of historical temperature fluctuations can quantify
the cumulative probability of extreme weather events and improve the accuracy of long-term prediction. In biological
systems, fractional integration can deal with the lag effect of gene regulation, accumulate the probability distribution of
transcription events, and accurately describe non-Markov processes. In social dynamics, memory parameters can adjust
the distribution of accumulated opinions and reveal the continuous relevance of group behavior. This method is also used
in engineering reliability, describing the failure process probability based on memory with fractional integral, and
optimizing maintenance strategy. For example, in the fatigue analysis of materials, the probability density of cumulative
stress history is used to evaluate the risk of crack p]iopagation.

D*F(x) = - SO (5)
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This formula represents the fractional derivative of cumulative distribution function, where it represents fractional order,
gamma function and probability density.

4. Conclusion

The integral representation of cumulative distribution function is a core tool in probability theory and statistics. By
integrating the probability density, we can accurately quantify and simulate various random phenomena. From Newton
and Leibniz's foundation of calculus in 17th century to Cauchy's strict definition of limit in 19th century, and finally to the
extension of Memorability of fractional integral, the whole process shows how probability theory developed from an
intuitive method to a rigorous system. This framework describes continuous and discrete random variables with a unified
probability method by interval probabilities, calculating expected values and using fractional derivatives. It supports the
theoretical and practical applications of statistical inference, financial modeling and complex systems analysis. In statistical
inference, the integral form improves the accuracy and reliability of the model by optimizing parameter estimation and
hypothesis testing. In the field of finance, computing expected values and cumulative probabilities promoted the
breakthrough of option pricing and value-at-risk quantification. In complex systems, fractional derivatives can capture
dynamic behaviors with historical dependence in network dynamics, climate modeling and biological systems, and reveal
the far-reaching influence of long-range correlations. This universality makes integral representations a bridge of
interdisciplinary application, which helps us move from theoretical research to practical decision-making.

In the years ahead, the integral representation of the cumulative distribution function will remain the cornerstone of data
science, artificial intelligence, and multi-disciplinary fields. For machine learning, for example, the integral representation
extends the function of model fitting complex data through optimizations of probability distribution. For time series
analysis, long-memory properties are utilized through fractional derivatives, obtaining higher accuracy probabilistic tools
for forecasting financial risks, simulating the variation of climates, and analyzing epidemic spreading. In summary, this
mathematical structure with rigor and flexibility not only establishes thoroughly the theoretical core of the probability
theory, but also provides strong methodological support for solving complex practical problems and exhibits the long-
standing vitality of the combination of calculus and probability theory.
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